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ABSTRACT
Strong lensing of gravitational waves is more likely for distant sources but predicted
event rates are highly uncertain with many astrophysical origins proposed. Here we
open a new avenue to estimate the event rate of strongly lensed systems by exploring
the amplitude of the stochastic gravitational wave background (SGWB). This method
can provide a direct upper bound on the high redshift binary coalescing rates, which
can be translated into an upper bound on the expected rate of strongly lensed systems.
We show that from the ongoing analysis of the Laser Interferometer Gravitational-wave
Observatory (LIGO)-Virgo and in the future from the LIGO-Virgo design sensitivity
stringent bounds on the lensing event rate can be imposed using the SGWB sig-
nal. Combining measurements of loud gravitational wave events with an unresolved
stochastic background detection will improve estimates of the numbers of lensed events
at high redshift. The proposed method is going to play a crucial in understanding the
population of lensed and unlensed systems from gravitational wave observations.
Key words: gravitational wave, gravitational lensing: strong
1 INTRODUCTION
Gravitational waves from astrophysical sources are a new
multi-frequency window to the Universe which ranges from
the low-frequency regime (∼ 10−9 Hz) originating from su-
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permassive binary holes of masses O(109M) 1 to high-
frequency gravitational waves from binary neutron stars
of masses (O(1M)). The nano-Hz gravitational wave sig-
nal can be measured using the International Pulsar Tim-
ing Array (IPTA) (Arzoumanian et al. 2018; Perera et al.
2019; Hobbs & Dai 2017; Hobbs et al. 2010), gravitational
waves in the frequency range (∼ 10−4 Hz- 10−1 Hz) will be
probed using future space-based gravitational wave detec-
tor such as the Laser Interferometer Space Antenna (LISA)
1 The mass of the sun is denoted by M ≡ 2× 1030 kg.
c© 2020 The Authors
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(Amaro-Seoane et al. 2017), and the high-frequency grav-
itational waves in the frequency range (∼ 10 Hz- 103 Hz)
are measured from the network of ground-based gravita-
tional wave detectors such as the currently ongoing HLO
(Hanford Laser Interferometer Gravitational-wave Observa-
tory), LLO (Livingston Laser Interferometer Gravitational-
wave Observatory), VO (Virgo interferometer Observatory)
(Abbott et al. 2016a; Acernese et al. 2014), and in the fu-
ture from KAGRA (Kamioka Gravitational Wave Detector)
(Akutsu et al. 2019), and LIGO-India (Unnikrishnan 2013).
The proposed next-generation ground-based gravitational
wave detectors such as Cosmic Explorer (CE) (Reitze et al.
2019) and Einstein Telescope (ET) (Punturo et al. 2010) are
also expected to explore wider frequency range with lower
instrument noise.
Gravitational wave signals can be broadly classified into
two types, (i) high signal-to-noise ratio (SNR) individual
gravitational waves events which we term ”loud” events in
the remaining of this paper (Abbott et al. 2019a), in con-
trast to unresolved gravitational wave sources contributing
to the stochastic gravitational wave background (SGWB)
as an incoherent contribution from a large number of co-
alescing binary events in the Cosmos (Allen 1996; Mag-
giore 2000; Phinney 2001; Regimbau & Chauvineau 2007;
Wu et al. 2012; Rosado 2011; Zhu et al. 2011; Romano &
Cornish 2017). These two independent classes of gravita-
tional wave signals are useful in combination for elucidat-
ing a vast range of possible astrophysical and cosmological
origins over cosmic history, for which it is essential to dis-
tinguish the relative contributions of different astrophysics
that may predominate.
One such cosmological effect which can shadow our un-
derstanding of the astrophysical processes is the level of
strong gravitational lensing of gravitational waves generated
by the cosmological structure in the foreground of gravita-
tional wave sources (Nakamura 1998; Wang et al. 1996; Dai
et al. 2017; Broadhurst et al. 2018). Gravitational lensing
of gravitational waves will magnify the strain of the signal,
which may make it possible to detect distant sources as indi-
vidual loud events. If unrecognised this magnification leads
to a biassed underestimate of the true source distance and to
and overestimate of the chirp mass of binary events (Naka-
mura 1998; Wang et al. 1996; Dai et al. 2017; Broadhurst
et al. 2018). Hence, our understanding of the nature of the
source population of astrophysical binaries may be signif-
icantly affected, depending on the uncertain proportion of
such lensed events(Oguri 2018). Apart from strong lensing
of gravitational wave, the effect of weak lensing may also
influence the strain statistics of gravitational waves, which
can be explored to study several aspects of cosmology and
testing the theory of gravity from the LIGO design sensi-
tivity, and also from the future gravitational wave detectors
such as LISA, ET, and CE (Mukherjee et al. 2019, 2020).
The impact of lensing on the derived properties of bi-
nary populations is potentially severe if the proportion of
detected lensed events is large. The expected number of
strongly lensed gravitational wave sources depends on two
quantities, (i) properties of the population of gravitational
lenses (ii) the coalescence rate of the GW binary sources and
their redshift distribution. Several surveys of the strongly
lensed systems of electromagnetic signals help in under-
standing the properties of strong lensing, in particular the
complete Far-infrared sky surveys where over 100 distant
lensed galaxies now known (Treu 2010). Detailed lensing cal-
culations have also been made, based on large scale structure
that include CDM and baryons (stars) to estimate the ex-
pected lensing optical depth and the level of cosmic variance
(Hilbert et al. 2007; Hilbert et al. 2008; Robertson et al.
2020). However, in terms of the expected detection rate,
the dominant uncertainty is the merger rate for the gravita-
tional wave sources as the astrophysical origins are unclear,
including field binaries and also binaries formed by include
by captured within the dense cores of young star clusters
at high redshift (Heggie 1974; Aarseth & Zare 1974; Zwart
& McMillan 2002; Banerjee et al. 2010; Dehnen & Read
2011; Veske et al. 2020). From the O1/O2 observations of
the LVC, there are no detection of the strongly lensed events
(Hannuksela et al. 2019).
We propose here a new avenue to limit the uncertainty
in the lensing event rate by combining the measurements
from the SGWB. The binary merger rate and its redshift
distribution can be probed using the SGWB signal, inde-
pendently of the loud events, because the amplitude and
shape of the power spectrum of SGWB energy density are a
directly depend on the merger history of gravitational wave
sources over cosmic history. As a result, we can infer the
merger rates from the SGWB data, and use it to infer the
expected numbers of loud lensed events. Even in the absence
of a detection of the SGWB signal, this method can impose
an upper bound on the number of lensed events. In this pa-
per, we discuss this avenue and show the possible constraints
on the lensed event rates which can be imposed using the
measurements of the SGWB signal. The main findings of
this paper are shown in Fig. 15 and Fig. 16 using the pub-
licly available LIGO O3 sensitivity and LIGO design sen-
sitivity. Henceforth, any statement related to the LIGO O3
sensitivity and LIGO design sensitivity refers to the publicly
available detector noise. 2
The paper is organized as follows, in Sec. 2 and Sec.
3, we set up the framework of strong gravitational lensing
and SGWB signal respectively. In Sec. 4, we discuss the pre-
dictability of the lensed events using the SGWB signal. In
Sec. 5, we show the possible bounds achievable from the
observation of the LIGO-Virgo collaboration (LVC) on the
SGWB signal and hence on the lensed event rates. We dis-
cuss the conclusion of this work and future scopes in Sec.
6.
2 STRONG LENSING OF GRAVITATIONAL
WAVES
Gravitational lensing of photons and gravitational waves in
the presence of matter perturbations is an inevitable effect
according to the general theory of relativity (Schneider et al.
1992; Bartelmann 2010). In the geometric-optics limit, the
phase of the gravitational waves remains unaltered, and the
primary effect of gravitational lensing is evident in the strain
of the signal, and in the temporal and spatial aspects of
the gravitational wave signal (see the review article (Oguri
2 The noise curves are available publicly which can be down-
loaded from the following link https://dcc-lho.ligo.org/LIGO-
T2000012/public
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2019)). Presence of matter perturbations between the source
and observer leads to lensing of the gravitational waves
which generates observational effects such as (i) time-delay,
(ii) magnification (demagnification), (iii) shear, (iv) shift in
the sky position, and (v) multiple lensed images. Poor sky
localization of the gravitational wave sources makes it im-
possible to measure the effect due to the shift in the sky
position, However, the other four effects can be scrutinized
from the gravitational wave signal. In this work, we explore
the effect due to the magnification of gravitational waves.
Magnification leads to change in the amplitude of the
GW stain h+,×(fz) by the magnification factor µ (same for
both the polarization states ′+, ×′ )(Hawking & Israel 1987;
Cutler & Flanagan 1994; Poisson & Will 1995; Maggiore
2008)
h±(f)(nˆ) =
√
µ
√
5
96
G5/6M2z(fzMz)−7/6
c3/2pi2/3dL
I±(Lˆ.nˆ), (1)
where, fz = f/(1+z) is the redshifted frequency, dL is the lu-
minosity distance to the gravitational wave source, I±(Lˆ.nˆ)
captures the projection of the angular momentum vector Lˆ
on the line of sight nˆ, Mz = (1 + z)M is the redshifted
chirp mass, 3. The redshifted chirp massMz of the gravita-
tional wave sources can be well measured from the phased
part of gravitational waves (Cutler & Flanagan 1994). But
for the gravitational wave sources without electromagnetic
counterparts, redshift cannot be estimated independently.
As a result, the degeneracy between source chirp mass and
redshift cannot be lifted.
The main effect of lensing magnification leads to a
wrong inference of the luminosity distance to the source
d˜L = dL/
√
µ. This implies that for µ > 1, the inferred
luminosity distance d˜L to the gravitational wave sources
will be smaller than the actual luminosity distance dL.
As a result, from the inference of the redshift using lu-
minosity distance d˜l and the best-fit cosmological param-
eters (Aghanim et al. 2018), we can estimate the biased
cosmological redshift z˜ which is going to be smaller than
the true cosmological redshift zs. As a result, the estimated
source chirp mass M will be biased towards a higher value
M˜ ≡ Mz/(1 + z˜) = M(1 + z)/(1 + z˜) > M.4 This im-
plies that the impact of strong lensing can lead to a biased
measurement of the source parameters of the gravitational
wave sources. This can be an obstacle for correctly inferring
the gravitational wave source properties from a sample of
objects if the number of strongly lensed events is large.
The number of detectable lensed events of magnifica-
tion factor µ can be written in terms of the spatial distri-
bution of the structures along the line of sight, redshift of
the source zs, gravitational wave source parameters such as
mass, spin, which are denoted by θ, merger rate of the grav-
itational wave sources R(zs, θ) having source parameters θ,
and the gravitational wave detector detector response func-
3 Chirp mass M of a binary gravitational wave source is related
to the mass of the individual compact objects (m1,m2) by the
relation M = (m1m2)3/5/(m1 +m2)1/5.
4 This will also lead to a biased estimate of the individual source
masses as m˜i ≡ mi,z/(1 + z˜) = mi(1 + z)/(1 + z˜) > mi.
tion S(θ, zs, µ)
N˙l(> µ) ≡ dN
dt
(> µ, zs) =
∫ zs
0
dz
Cosmology︷ ︸︸ ︷
dV
dz
τl(> µ, z)
Astrophysics︷ ︸︸ ︷
p(θ)
R(z, θ)
(1 + z)
×
Detector response︷ ︸︸ ︷
S,(θ, z, µ) ,
(2)
The above equation has three kinds of terms, detector
response part, astrophysical part, and the cosmological part.
The number of detected lensed events of magnification factor
µ depends on the redshift dependence of all these terms. We
briefly explain below each of these terms and their redshift
dependence.
Detector response part: The detectability of the gravita-
tional wave signal hobs(f) =
∑
± F±(θ, φ, ı)h±(f), expressed
in terms of the antenna function F±(θ, φ, ı) and signal h±
(given in Eq. (1)) depends on the matched-filtering signal-to-
noise ratio (SNR) ρ which can be defined as (Sathyaprakash
& Dhurandhar 1991; Cutler & Flanagan 1994; Balasubra-
manian et al. 1996)
ρ2 ≡ 4
∫ fmax
0
df
hobs(f)g∗(f)
Sn(f)
, (3)
where g(f) denotes the waveform of the gravitational wave
signal which is used in the matched-filtering method and
Sn(f) is the noise power spectrum. We choose the value of
fmax = fmerg ≡ c3(a1η2 +a2η+a3)/(GpiM) in this analysis
(Ajith et al. 2008)5, where M = m1 +m2 is the total mass
of the binary system and η = m1m2/M
2 is the symmetric
mass ratio. For a fixed gravitational wave chirp mass Mc,
the detectability of a signal varies, (to first order), with the
value of
√
µ/dl. As a result, the SNR of detection of an event
decreases with an increase in the luminosity distance, and
for events below a chosen detection threshold ρth = 8, we
cannot make a statistically significant detection as a loud
event. We define detector response function as Heaviside
step function S(θ, zs, µ) ≡ H(ρ(µ, dl,Mc) − ρth) 6 which
assures that only the gravitational wave sources for which
ρ(µ, dl,Mc) > 8, can be detected as individual events.
Astrophysical part: This part consists of two terms, p(θ)
which is the probability distribution of the gravitational
wave source parameters such as the masses of the compact
objects mi, spin χi, and R(z, θ) is the event rate of the
gravitational wave sources, with parameters θ, per comoving
volume in the source frame at redshift z. Both these quanti-
ties are not yet well-known (Abbott et al. 2019a). The mass
distribution of the binary mass components are usually con-
sidered to follow a power-law of the form 1/m2.35i or flat in
log-space 1/mi. Sources detected by LVC from the O1 and
O2 data indicates a local redshift event rate of binary black
hole (BBH) mergers about 102 per Gpc3 per year (Abbott
et al. 2019a). The event rate at high redshift and its evolu-
tion with redshift is poorly constrained. We can expect the
merger rates to follow the star formation rate at high red-
shift. If the merger rate is a decreasing function of redshift,
5 The values of the coefficients a1, a2, and a3 are given in the
table 1.
6 Heaviside step function H(x) = 1, only when the argument
satisfies the criterion x > 1.
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Figure 1. Lensing optical depth τ(> µ, z) shown for different magnification factors µ as a function of cosmological redshift. The plots
indicates that the lensing optical depth is an increasing function of redshift, and is suppressed for highly magnified systems µ >> 1.
and consistent with the local event rate measured by LVC
(Kalogera et al. 2007; Abbott et al. 2019a), then the prod-
uct of the lensing optical depth and merger rates is going
to be negligible. On the other side, the scenarios for which
the merger rate is constant or increases with redshift can
produce non-negligible lensed events.
Cosmological part: This part consists of the cosmolog-
ical volume element which can be written in terms of the
comoving distance dc as
dV
dz
=
4picd2c
H(z)
, and the lensing opti-
cal depth τl(> µ, z) can be written as (Turner et al. 1984)
τl(> µ, z) =
∫ z
0
dzl
dτ(> µ, z, zl)
dzl
, (4)
where, dτ(> µ, z, zl)/dzl is the differential lensing optical
depth. In the absence of any information of the gravitational
wave redshift, the integration over redshift can extend up to
some value zmax. We show the lensing optical depth as a
function of the source redshift zs for different magnification
factor in Fig. 1 using the model as described by (Watson
et al. 2014; Diego 2019b,a). For the optical depth calcula-
tion, we have considered the mass range from 1011M to
3 × 1015M for the mass function given by Watson et al.
(2014). The plot indicates that the lensing optical depth de-
creases with increase in magnification factor µ and is larger
for sources at high cosmological redshifts than at low red-
shifts. As a result, high magnification for a low redshift
source is less probable than a system at high redshift. In
particular, baryons can play a significant role especially in
small halos that may become super critical if their core is
dense enough thanks to baryon cooling. Also, the slope of
the potential around the critical curves plays an important
role in the resulting magnification near the critical curves,
hence profiles like NFW or SIS may predict different optical
depths. Finally, substructure near the critical curves may
promote smaller magnification factors (tens to hundreds) at
the expense of more extreme values (thousands). A recent
study by Robertson et al. (2020) have shown the variation
of the lensing optical depth from simulations with redshift
and masses 7. This shows the agreement between differ-
ent models and simulations for the lensing optical depth
τ(µ > 10, z) and the typical variations depending upon the
modelling. The lensing optical depth estimation considered
in this work is also consistent with these results, except for
the case considered by (Hannuksela et al. 2019) which has
considered larger value than what we expect from currently
known models and simulations.
To explore the range of variation in the number of
lensed events, we consider the case with constant merger
rate Ar = 100 Gpc
−3 yr−1, motivated from the current
measurement from gravitational wave observations (Abbott
et al. 2019a) along with a few other models of BBH merger
rates which matches with the redshift distribution of star
formation rate (Madau & Dickinson 2014) in high redshift,
and can produce larger number of lensed events than the
case with constant merger rates. (Broadhurst et al. 2018,
2019; Diego 2019a; Broadhurst et al. 2020). The main rea-
son to consider this model is because it has been used to
claim that several of the detections made by the LVC in
the O1 and O2 runs, are already strongly magnified events
(Broadhurst et al. 2018, 2019, 2020), and it is interesting to
see what kind of predictions these types of models make in
the SGWB signal. We consider a parametric model of the
merger rates, with two free parameters (i) the amplitude
of the merger rates denoted by Ar, and the half-life of the
7 See Fig. 5 in Robertson et al. (2020)
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Figure 2. The merger rates of BBH sources as a function of the cosmological redshift are shown for different choices of amplitude Ar
(in units of Gpc−3 yr−1), and the half-life th (in units of Gyr).
exponential decay which is denoted by th
R(zs, θ) =
Ar(1.0 + zs)
2.7
(1.0 + ( (1.0+zs)
2.9
)5.6)
×
exp
(
−|(tzs−tz=zp )|
(th)
)
, if zs < zp,
1, otherwise.
(5)
In the above equation, tzi denotes the look-back time to
redshift zi, zp = 1.7 denotes the pivot redshift smaller than
which the exponential decay is important, and higher than
which the merger rates follow the redshift distribution of
the star formation rate. We plot the event rates for different
values of the parameter Ar, and th in Fig. 2.
Using the instrument noise corresponding to the LIGO
O3 sensitivity, and the design sensitivity, we estimate the
expected number of lensed events per earth year N˙l for dif-
ferent merger rates and magnification factor µ in Fig. 3 and
Fig. 4 respectively. The distribution function of the indi-
vidual black hole masses are considered as p(θ) = 1/m2.35
θ ∈ {m1,m2} with the mass range of black holes mi ∈
[5M, 50M], and the maximum source redshift of the
BBHs mergers are considered up to zs = 5. For the O3 sen-
sitivity and design sensitivity of LIGO detectors, we show
the lensing event rates in Fig. 3 and Fig. 4 respectively. The
number of lensed events N˙l varies due to the variation in
the merger rate and also due to the redshift reach of the
gravitational wave detectors. Cases with higher event rates
at high redshift lead to a higher number of lensed events
than for the case with a constant event rate. The number
of lensed events for higher magnification factor is also sup-
pressed due to the smaller value of the lensing optical depth
(as shown in Fig. 1). The contribution to the detectable
lensed events with magnification factor µ depends on the
detector response function S(θ, µ, z) which goes to zero for
the events below the detection threshold. As, a result, lensed
events with smaller magnification factors are detectable from
low redshift, and vice-versa. This aspect is manifested in
the lensed event rates for the case shown by the brown line
(Ar = 1200 Gpc
−3 yr−1, th = 0.5 Gyr) and yellow line
(constant rate Ar = 100 Gpc
−3 yr−1). The case shown by
the yellow line has larger merger rate R(z) at low redshift
than for the case shown by the brown line (See Fig. 2) for
z < 0.98. As a result, the events with low magnification
µ 6 5, have a larger number of lensed events for the yel-
low line, than the brown line. For the magnification factor
µ > 10, lensed events are arising primarily from the high
redshift, for which the merger event rate R(z) is larger for
the brown line than the yellow line (see Fig. 1).
Fig. 3 and Fig. 4 manifests that the lensed event rates
can vary by a few orders of magnitude for different magni-
fication factor depending upon the merger rate R(z). This
uncertainty associated with the lensed event rates due to
the uncertainty in the merger rate predominates over the ex-
pected uncertainty in the lensing optical depth estimation,
particularly for magnification factor µ >> 1. As a result,
the possibility of inferring the merger rates at high redshift
is going to be useful to limit the uncertainty in lensed event
rates. A possible bound on the expected lensed events will
also be useful for understanding its impact on the population
of gravitational wave sources.
MNRAS 000, 1–17 (2020)
6 Mukherjee, Broadhurst, Diego, Silk, & Smoot (2020)
Figure 3. We show the detectable lensed event rates as a function of magnification factor µ for different merger rates R(z) of BBHs
for the LIGO O3 sensitivity. The redshift dependences of the merger rates R(z) are shown in Fig. 2 with the amplitude Ar (in units
of Gpc−3 yr−1), and the half-life th (in units of Gyr). The lensing event rate is obtained by integrating Eq. 2 up to zs = 5. The black
dashed line denotes N˙l = 1.
Figure 4. We show the detectable lensed event rates as a function of magnification factor µ for different merger rates R(z) of BBHs
using the advanced LIGO design sensitivity with the amplitude Ar (in units of Gpc−3 yr−1), and the half-life th (in units of Gyr). The
redshift dependence of the merger rates R(z) are shown in Fig. 2. The lensing event rate is obtained by integrating Eq. 2 up to zs = 5.
The black dashed line denotes N˙l = 1.
MNRAS 000, 1–17 (2020)
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Xi a1 (×10−1) a2 (×10−2) a3 (×10−2)
fmerg 2.9740 4.4810 9.5560
fring 5.9411 8.9794 19.111
fcut 8.4845 12.848 27.299
fw 5.0801 7.7515 2.2369
Table 1. We show the values of the parameters to obtain the
frequency fmerg , fring , fcut, and fw denoted by the functional
form Xi = c
3(a1η2 + a2η + a3)/piGM (Ajith et al. 2008).
3 STOCHASTIC GRAVITATIONAL WAVE
BACKGROUND
The merger rate of the astrophysical gravitational wave
sources can also be detected using the stochastic gravita-
tional wave background (Allen 1996; Maggiore 2000; Phin-
ney 2001; Wu et al. 2012; Regimbau & Chauvineau 2007;
Romano & Cornish 2017; Rosado 2011; Zhu et al. 2011;
Mukherjee & Silk 2019; Boco et al. 2019; Callister et al.
2020). The combined contribution of gravitational wave
emission from all the compact objects within the horizon
leads to an astrophysical stochastic gravitational wave back-
ground which can be written in terms of the GW merger
rates R(z, θ) in a comoving volume dV
dz
between the cos-
mic time t(z) and t(z + ∆z) by the relation (Phinney 2001;
Regimbau & Chauvineau 2007; Zhu et al. 2011)
ΩGW (f) =
f
ρcc2
∫ ∞
0
dz
∫
dθ
cosmology︷︸︸︷
dV
dz
astrophysics︷ ︸︸ ︷
p(θ)
R(z, θ)
(1 + z)
×
GWsource︷ ︸︸ ︷(
1 + z
4picd2l
dEGW (θ)
d ln fr
) ∣∣∣∣
fr=(1+z)f
,
(6)
where, p(θ) (as discussed in Sec. 2) is the probability distri-
bution of the source parameters such as source masses mi,
spin χi. The terms p(θ) and R(z, θ) appearing in the theo-
retical estimate of the SGWB signal (given in Eq. (6)) are
the same as the one which appears in the estimation of the
lensed event rate (given in Eq. 2). dEGW
dfr
(θ) is the energy
emission per frequency bin in the source frame which can be
written in terms of the chirp mass Mc of the gravitational
wave sources as
dEGW (θ)
dfr
=
(Gpi)2/3M5/3c
3
G(fr), (7)
where G(fr) captures the frequency dependence during the
inspiral, merger, and ringdown, phase of the gravitational
wave signal (Ajith et al. 2008)
G(fr) =

f
−1/3
r for fr < fmerg,
f
2/3
r
fmerg
for fmerg 6 fr < fring,
1
fmergf
4/3
ring
(
fr
1+(
fr−fring
fw/2
)2
)2
for fring 6 fr < fcut,
(8)
where the values of fx can be expressed in terms of the
polynomial relation c3(a1η
2 + a2η + a3)/piGM in terms
of total mass M = m1 + m2 and symmetric mass ratio
η = m1m2/M
2. The values of a1, a2, and a3 for different
fx are mentioned in table 1 (Ajith et al. 2008). For given co-
alescing binaries of masses m1 and m2, the binaries will be
emitting gravitational waves in the inspiral part up to fre-
quency fmerg, followed by the ringdown part up to frequency
fring, and will stop emitting gravitational wave signal after
fcut. fw denotes the width of the Lorentzian function.
Most of the signal in the SGWB arises from the in-
spiral part during which the system spends a longer time,
compared to the merger and the ringdown part. As the max-
imum frequency of emission of the gravitational wave emis-
sion is inversely proportional to the total mass of the com-
pact objects M , so the contribution to the low frequency
part of the SGWB signal comes from the high masses, and
lighter masses will emit up to a larger frequency. Also due
to cosmological redshift, gravitational wave source emitting
at a frequency fr will be observed at a smaller frequency
f = fr/(1 + z). This implies that the low frequency part
of the observed SGWB signal arises from redshifted high
mass objects which are coalescing in the observable Uni-
verse, and high frequency SGWB signal gets its contribu-
tion from the redshifted lighter masses. The distribution of
the events of the SGWB is expected to follow a Poisson dis-
tribution according to the event rate R(z, θ). The Poisson
nature of the gravitational wave sources leads to temporal
fluctuations on the SGWB which depends on the events and
the type of the gravitational wave sources (BNS, NS-BH, or
BBHs) (Mukherjee & Silk 2019). In this analysis we consider
the mean value of the SGWB signal and will not explore its
temporal fluctuations.
Though the SGWB is an integrated contribution up
to high redshift, we can define the window function of the
SGWB signal for different frequency W(z, f) as
ΩGW (f) =
f
ρcc2
∫ zmax
0
dzW(z, f)R(z). (9)
The window functionW(z, f) can manifest the relative con-
tributions to the SGWB signal from different redshifts and
frequencies. By considering the distribution function of the
gravitational wave source parameters in the mass range
[5M, 50M] as p(θ) = 1/m2.351 (same as the one the
one considered for estimation of the strong lensing event
rates in Sec. 2) and the redshift distribution of gravita-
tional wave merger rates mentioned in Eq. (5) (and shown in
Fig. 2), we show the normalized window functionW(z, f) ≡∫ zmax
0
dzW (z, f, ) = 1 in Fig. 5. The maximum source red-
shift zmax = 5 of the gravitational wave sources is consid-
ered in Eq. (9). For this estimation we do not consider the
contribution from non-zero spin parameters. Non-zero spin
parameters can cause only mild variations in the amplitude
of the SGWB signal for f < 100 Hz (Zhu et al. 2011). So,
our conclusion in the analysis will not change by the inclu-
sion of spin, and can also be included for future joint study
of the lensing event rate and SGWB signal.
The window function W(z, f) shows that the relative
contribution from the low redshift Universe, is more for
high frequencies, and the relative contribution from the high
redshift gravitational wave mergers is more from the low-
frequency gravitational wave signal. This arises because the
mergers at high redshift contribute more at the low red-
shift due to the cosmological redshift of the gravitational
wave frequency f = fr/(1 + z). The cross-over between the
relative contributions between high frequency and low fre-
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Figure 5. The normalized window function of the SGWB signal for different frequencies are shown as a function of the redshift z. This
plots shows that the low frequency part of the SGWB signal is a better probe of the high redshift event rate than the high frequency
SGWB signal.
quency happens around ∼ z = 0.7, which depends on the
distribution function of the gravitational wave source pa-
rameters p(θ). The window function W(z, f) indicates that
the measurement of the low-frequency SGWB signal is a
better probe to the high redshift mergers than the high-
frequency gravitational wave signal.
The corresponding estimate the SGWB power spec-
trum for the gravitational wave sources in the mass range
[5M, 50M], assuming the mass distribution function for
both the black hole as p(θ) = 1/m2.35 and merger rates
R(z) (given in Eq. 2) is shown in Fig. 6 for the frequency
range which is relevant for the LVC detectors. This plot in-
dicates that the amplitude of the SGWB signal increases
with the increase in the amplitude of the merger rates, and
the shape of the signal depends on the redshift distribution
of merger rates. For the merger rates which have less con-
tribution from the low redshift Universe (z < 1), there is a
decrease in the amplitude of the SGWB power spectrum at
high frequency. This is because the window functionW(z, f)
for the high-frequency signal gets more relative contribution
from the low redshift Universe (as shown in Fig. 5) than for
the low-frequency SGWB signal. This indicates that SGWB
power spectrum is a direct probe of the merger rates of the
gravitational wave sources (as also pointed out previously
(Mukherjee & Silk 2019; Boco et al. 2019; Callister et al.
2020)) and can be used to learn about the high redshift as-
trophysical systems. We also plot the power-law integrated
(PI) detector noise for the two years of design sensitivity
of LVC by the black dashed line (Thrane & Romano 2013;
Abbott et al. 2016b). In Fig. 7, we plot the power spectrum
of SGWB signal Ωgw(f) for the mass range [5M, 95M],
and considering the distribution function of the gravitational
wave source mass as p(θ) = 1/m2.35i (for the heavier mass)
and 1/mi for the lighter mass. This plot exhibits the varia-
tion in the amplitude of the SGWB signal for the different
mass distribution function.
4 RELATING STRONG LENSING EVENT
RATES TO THE SGWB SIGNAL
Strong lensing of gravitational waves can lead to magni-
fied strain as we have discussed in Sec. 2. The number of
such lensed events depend on the redshift distribution of the
merger rate R(z) and can vary by several orders of magni-
tude with the change in the merger rates as we have shown
in Fig. 4. So, an independent probe to the high redshift
merger rates is going to be useful to estimate the expected
lensed event rate. The SGWB signal brings an avenue to
measure the high redshift merger rates of the gravitational
wave sources.
The probability of strongly lensed events is rare due to
the small value of the lensing optical depth τ(µ, z) for large
magnification factor µ >> 1 (as shown in Fig. 1). As a result,
only a few events can get strongly lensed and can be detected
as a loud individual event, with the matched-filtering SNR
ρ > ρth. Several sources which are not lensed and below the
detection threshold ρ < ρth contribute to the SGWB power
spectrum ΩGW (f). As a result, there must exist a strong
relationship between the strongly lensed event rate and the
strength of the SGWB signal. In this section of the paper,
we explore what can be learned about the strongly lensed
gravitational wave events using the SGWB signal.
The comparison of Eq. (2) and Eq. (6) shows that both
the number of lensed events and the SGWB signal depends
on the volume integral of the astrophysical merger ratesR(z)
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Figure 6. We show the power spectrum of the SGWB signal as a function of frequency for different merger rates of the BBHs in the
mass range [5M, 50M]. The mass distribution of each of the black holes is considered as a power-law (p(θ) = 1/m2.35 for both the
masses. The maximum redshift of the gravitational wave sources is considered up to zmax = 5. We have also shown the 1-σ power-law
integrated (PI) curve for the LIGO design sensitivity with two years of integrated time in dashed black line for the frequency dependence
f2/3 (Abbott et al. 2016b).
Figure 7. We show the power spectrum of the SGWB signal as a function of frequency for different merger rates of the BBHs in the
mass range [5M, 95M]. The mass distribution of each of the black holes is considered as a power-law (p(θ) = 1/m2.35 for the heavier
object) and flat-log p(θ) = 1/m for the lighter mass. The maximum redshifts of the gravitational wave sources are considered up to
zmax = 5. The redshift distribution of the merger rates is shown in Fig. 2 with the amplitude Ar (in units of Gpc−3 yr−1), and the
half-life th (in units of Gyr). We have also shown the 1-σ power-law integrated (PI) curve for the LIGO design sensitivity with two years
of integrated time in dashed black line for the frequency dependence f2/3 (Abbott et al. 2016b).
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Figure 8. The presence of correlation between the SGWB background at f = 25 Hz and the total number of expected lensed systems
above magnification factor µ (
∑
µ>2 N˙l) for the LIGO O3 detector sensitivity are shown. The straight line shows the existence of a linear
relationship between these two quantities. The departure from the straight line arises due to the combined effect from detector response
function S(θ, z, µ) and the merger rate in the low redshift. Details are explained in the text.
Figure 9. The existence of the similar correlation (as shown in Fig. 8) for the LIGO design sensitivity is shown in this plot. The departure
of a few points from the straight line is less severe than for the case shown in Fig. 8 due to reach of the the detector response function
S(θ, z, µ) up to higher redshift than LIGO design sensitivity.
and mass distribution of the gravitational wave sources p(θ).
So, using the same merger rate R(z) and mass distribution
p(θ) of the gravitational wave sources, we estimate the total
number of detectable lensed events with the advanced LIGO
O3 and design sensitivity, and also the expected power spec-
trum of the SGWB signal. The corresponding plot between
total lensed event rate
∑
µ N˙l(µ) and SGWB power spec-
trum ΩGW (f) at frequency f = 25 Hz is shown in Fig. 8 and
Fig. 9 for the O3 sensitivity and design sensitivity respec-
tively 8. This figure shows that the event rate of detectable
strongly lensed systems is related to the amplitude of the
8 The choice of f = 25 Hz is made because detector noise of LVC
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SGWB power spectrum. This arises from the inevitable cor-
relation of the gravitational wave mergers from the common
redshift range between SGWB window function W(z) and
the lensing kernel K(θ, µ, z) ≡ τ(µ, z)S(θ, µ, z). The devi-
ation around the strong correlation takes place due to the
partial overlap of SGWB window function and the lensing
kernel for different values of the magnification factor µ (We
explain this in the details in the paragraph after Eq. 10).
The number of detectable lensed systems can be lower than
this line due to the detector response function S(θ, µ, z). As
a result, this line represents an upper bound on the expected
lensed event rates.
The origin of strong correlation with the total num-
ber of lensed event rate
∑
µ N˙l(µ, z) and the SGWB signal
can be understood better, by exploring the overlap between
the SGWB window functionW(z) and lensing optical depth
τ(µ, z) and lensing kernel K(θ, µ, z) for different values of the
magnification factor µ. We show the overlap of the lensing
optical depth τ(µ, z) with the SGWB window functionW(z)
in Fig. 10 for two gravitational wave frequencies f = 10 Hz
and f = 90 Hz 9 for the magnification factor µ = 2, and
µ = 20. The plot shows that contribution from high redshift
is more in the low-frequency range of the SGWB signal, and
the contribution from the low redshift is similar for both
the frequencies. The contribution is stronger for small val-
ues of the magnification factor µ arising from lensing optical
depth τ(µ, z). So, the low-frequency SGWB signal can better
probe the high redshift merger rates than the high-frequency
SGWB signal.
The overlapping redshift range between the detected
lensed events and the SGWB signal at f = 25 Hz for dif-
ferent magnification factors is shown in Fig. 11 and Fig. 12
respectively for the LIGO O3 sensitivity and LIGO design
sensitivity. The objects which are highly magnified can be
observed up to a higher redshift than the less magnified ob-
jects. As a result, the product of the lensing kernel K(θ, µ, z)
and the SGWB window function W(z) goes to zero for val-
ues of redshift z > zth
10, and the value of zth increases
with the increase in the magnification factor. The fraction
of the SGWB window function W(z) which contributes up
to redshift zth (
∫ zth
0
dzW(z)) are mentioned, alongside the
corresponding cases in Fig. 11 and Fig. 12 for LIGO O3 sen-
sitivity, and LIGO design sensitivity respectively. The cor-
responding part of the SGWB signal which is going to have
an overlap with the lensing kernel can be written as
Ω
zµ
GW (f) =
f
ρcc2
∫ zth(µ)
0
dzW(f, z)R(z). (10)
This shows that for the small values of the magnification
factor, the fraction of the SGWB window function which
can have an overlap with the lensing kernel is small, result-
ing in only a partial correlation. On the other hand, for the
on the SGWB power spectrum is small at f = 25 Hz. This is
explained in details in Sec. 5.
9 These frequency ranges corresponds to the low SGWB noise
values for the LIGO detectors. See The black dashed line in Fig.
6.
10 zth is defined as the redshift up to which we can make detec-
tion of the gravitational wave signal with an SNR ρ = 8 (given in
Eq. 3.)
highly magnified systems, the overlap with the lensing ker-
nel is almost 100% indicating a strong correlation with the
number of lensed event rate. In other words, the deviations
from the strong correlation between SGWB amplitude with
the total number of lensed events are going to arise from
less magnified systems, and hence from the merger rate as-
sociated with the low redshift Universe z < 1. In Fig. 8 and
Fig. 9 the deviations from the strong correlation between the
lensed event rates and SGWB amplitude happens for those
merger rates R(z) (shown in Fig. 2) which has a rapid de-
crease in the number of events in the low redshift z < 1 are
smaller than the case with merger rate constant Ar = 10
2
Gpc3 yr−1 (This happens for the cases with th < 1.5 Gyr).
The existence of the strong correlation between the
lensed event rate and the SGWB power spectrum is going
to be useful for predicting the expected lensed event rate for
different magnification factor. By using the measurement
from the SGWB power spectrum, we can write the proba-
bility distribution of the expected event rate as
P(N˙l(µ)|Ωˆgw) =
∫
dθP(N˙l(µ)|R(z), θ)P(R(z)|Ωˆgw, θ)Π(θ),
(11)
where, Π(θ) is the prior on the gravitational wave source pa-
rameters {θ}, the posterior on the event rates P(R(z)|Ωˆgw)
can be obtained using the measurement of the SGWB power
spectrum Ωˆgw
P(R(z)|Ωˆgw, θ) = L(Ωˆgw|R(z), θ)Π(R(z)|θ), (12)
where, Π(R(z)|θ) is the prior on the merger rate of the grav-
itational wave sources given the GW source parameters and
we can define the likelihood L(Ωˆgw|R(z), θ) by
L(Ωˆgw|R(z), θ) ∝
∫ Tobs
0
dt
∫ ∞
−∞
df
(
3H20
10pi2
)2
×
∑
IJ
γ2IJ(ΩˆIJ(f)− Ωgw(f,R(z), θ))2
f6SnI (f)SnJ (f)
,
(13)
where integration is performed over the observation time
Tobs, and the frequency of the gravitational wave signal,
the summation over the indices (I, J) denotes the summa-
tion over all the combinations of gravitational wave detector
pairs, Ωgw(f,R(z), θ) is the theoretical power spectrum of
the SGWB, SnI (f) is the detector noise power spectrum for
detector I, and γIJ is the normalised overlap reduction func-
tion shown in Fig. 13 for all the combinations of the LIGO
and Virgo detectors 11.
By including the measurements of the SGWB data, we
can obtain the posterior on the merger rates of the com-
pact objects, and use it as a prior for estimating the rate
of the number of lensed events above a magnification fac-
tor µ. Detection of the SGWB signal is going to provide a
bound on the number of expected lensed events according to
Eq. (11). Even in the absence of a detection of the SGWB
signal within the next few years, the existence of an upper
bound in the SGWB will lead to an upper bound on the
total number of expected lensed events. This will help in re-
ducing the uncertainty associated with the lensed event rate
11 The overlap reduction function can be downloaded from this
link P1000128/026.
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Figure 10. The overlap of the SGWB window function at different GW frequencies W(z) with the lensing optical depth for different
magnification factors τ(µ, z) is shown as a function of redshift. The SGWB window function for smaller frequencies has a larger contri-
bution from high redshift than higher frequencies, resulting in the deviation shown above for cases with the same magnification factor
µ. Variation in τ(µ, z) for different values of µ (see Fig. 1) leads to the variation between µ = 2 and µ = 20.
Figure 11. We show the overlap in the redshift between the SGWB window function at f = 25 Hz W(z), lensing optical depth τ(µ, z),
and LIGO O3 detector response function for the magnification factor µ S(zmax,µ) as a function of redshift. This plot shows that for lower
magnification factor, the overlap redshift range is smaller than for the cases with higher magnification factor. This implies SGWB is more
informative about the strongly magnified systems than the weakly magnified systems, which can be observed only up to small values of
redshift. The values mentioned alongside every magnification factor µ denotes the integrated area of the SGWB window function W(z)
up to zmax.
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Figure 12. Similar to Fig. 11, we obtain the overlapping redshift between the SGWB window function at f = 25 Hz W(z), lensing
optical depth τ(µ, z), and LIGO design detector response function for the magnification factor µ S(zmax,µ) as a function of redshift. Due
to reach of the detector response function S(zmax,µ) up to a higher redshift than O3, the integrated area f the SGWB window function
W(z) is more than the results obtained for O3.
due to the uncertainty in the high redshift merger rate. In
this analysis, we have discussed only the lensing event rates
and the corresponding SGWB signal for BBHs. But gravi-
tational wave sources such as binary neutron stars (BNSs)
and neutron star black hole (NS-BH) systems can also con-
tribute to the lensed events and in the SGWB signal. For
both of these kinds of systems, sources can be detected only
up to low redshift than BBHs and can rarely exhibit high
magnification. The corresponding SGWB signal in the low-
frequency range (< 100 Hz) is also going to smaller than
the contribution from BBHs (Abbott et al. 2019a). We do
not discuss these sources due to the large uncertainty in the
event rate. But it can be easily included for the joint esti-
mation of lensing event rate and SGWB signal proposed in
this paper.
5 POSSIBLE BOUNDS ON THE LENSED
EVENT RATES FROM SGWB
MEASUREMENTS
The SGWB signal is a diffuse background of spatially un-
resolved sources, out of which a few events can get strongly
lensed as discussed in the previous section. If the SGWB
signal can be measured with a high spatial and temporal
resolution, then one can relate the SGWB signal strength
with the number of lensed events coincident in both space
and time. However for the weak SGWB signal, spatially and
temporally-averaged SGWB signal is going to be more infor-
mative about the global event rate which can be related to
the lensing event rate (as discussed in Sec. 4). In the remain-
ing of this section, we will only discuss the all-sky averaged
SGWB signal.
The SGWB signal can be measured by cross-correlating
the short time Fourier transform gravitational wave signal
di(f, t) = hi(f, t) + ni(f, t)
12 between two different pair of
detectors (I,J) as 13 (Allen & Romano 1999; Mitra et al.
2008; Thrane et al. 2009; Talukder et al. 2011; Romano &
Cornish 2017)
ΩdIJ(f) ≡〈dI(f, t)d∗J(f ′, t)〉 = δ(f − f ′)〈hI(f, t)h∗J(f ′, t)〉
+((((
(((〈nI(f, t)h∗J(f ′, t)〉 +(((((
((〈hI(f, t)n∗J(f ′, t)〉
+((((
(((〈nI(f, t)n∗J(f ′, t)〉,
(14)
where, all the terms which includes the detector noise gets
cancelled out as these are not correlated with the signal and
neither with the noise of the other detector. The observed
gravitational wave strain hI(f, t) is a convolution of the de-
tector response function F pi (nˆ, t) and the true sky signal
hsp, and can be expressed as Christensen (1992); Flanagan
(1993); Allen & Romano (1999)
hI(t, nˆ) =
∫ ∞
−∞
df
∫
d2nˆ F pI (nˆ, t)e
2piif(t−~xI .nˆ/c)hsp(f, nˆ). (15)
So, the observed cross-correlation signal ΩdIJ(f) is related
12 The short-time Fourier transform of the sky signal is defined
as d(t, f) =
∫ t+τ/2
t−τ/2 d(t
′)e−2piift
′
dt′.
13 Here the 〈.〉 is performed over time.
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Figure 13.We show the normalised overlap reduction function for the Hanford LIGO Observatory (HLO), Livingstone LIGO Observatory
(LLO), and Virgo Observatory (VO). The first zero crossing of the overlap reduction function is denoted by fchar above which the signal
to noise ratio reduces.
Figure 14. We show the possible signal-to-noise ratio (SNR) on the SGWB signal for the detector network Hanford LIGO observatory
(HLO) and Livingston LIGO Observatory (LLO) for the O3 detector sensitivity (in dark grey), and the future LIGO design sensitivity
(in light grey). Case-I, II and III denotes three different event rates Ar = 1200 Gpc−3 yr−1 and th = 1.5 Gyr, Ar = 2400 Gpc−3
yr−1 and th = 1.5 Gyr, and constant rate with Ar = 100 Gpc−3 yr−1 respectively with probability distribution of the mass function
p(θ) = 1/m2.35 for both the masses in the range [5M, 50M] corresponding to the signal shown in Fig. 6. The black dashed lines
denotes the 1− σ, 3− σ, and 5− σ error bars on the SGWB signal.
to the true SGWB signal by the relation
ΩdIJ(f, t) =
∫
d2nˆγ(nˆ, f, t)Ωs(nˆ, f, t), (16)
where γ(nˆ, f, t) is the overlap reduction function (Flanagan
1993; Christensen 1992)
γ(nˆ, f, t) =
1
2
F pi (nˆ, t)F
p
j (nˆ, t)e
2piifnˆ.(~xi−~xj)/c. (17)
The normalized overlap reduction function γ(nˆ, f, t) for
Hanford LIGO Observatory (HLO) and Livingston LIGO
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Observatory (LLO), and Virgo are shown in Fig. 1314. The
first zero crossing of the overlap reduction function γ(f)
takes place at f = fchar ≡ c/2D which depends on the
distance between the pair of detectors D (Flanagan 1993;
Christensen 1992). For the frequency range f > fchar over-
lap reduction function oscillates around zero, which dimin-
ishes the the observed cross-correlation signal given in Eq.
(16). The spatial fluctuations in the SGWB will also exhibit
spatial fluctuations as expressed in Eq. 16 and can be esti-
mated using the methods developed by (Mitra et al. 2008;
Thrane et al. 2009). The angular resolution of SGWB signal
is diffraction limited ∆θ = c/2fD = fchar/f . However, for
f > fchar the observed signal Ω
d
IJ(f, t) is close to zero. As a
result, only the signal in ∆θ & 1 are measurable with high
signal to noise ratio (SNR) (Mukherjee & Silk 2019).
The measurability of the SGWB signal depends on the
power spectrum of the pair of detectors SnI (f)SnJ (f) for the
pair of detector I, and J . Using the LIGO O3 and LIGO de-
signed sensitivity of HLO, and LLO detector pair, we obtain
the signal to noise ratio (SNR) using the relation
SNR =
[ ∫ T
0
dt
N∑
I,J>I
(
3H20
10pi2
)2 ∫ ∞
−∞
df
γ2IJ(f)Ω
2
GW (f)
f6SnI (f)SnJ (f)
]1/2
,
(18)
where, the summation is made over all available detector
combinations and T denotes the observation time.
The SGWB has not yet been detected from the O1 and
O2 observations by the LVC (Abbott et al. 2019b). The cur-
rently existing 95% bounds on the SGWB signal for the fre-
quency dependence f2/3 from the combined O1 and O2 anal-
ysis are 4.8× 10−8 and 3.0× 10−8 for the uniform prior and
log-normal prior respectively (Abbott et al. 2019b). These
bounds on the SGWB are weak and as a result, even very
large event rates are still allowed, including all the merger
rates considered in this analysis. So, we do not explore the
impact of the O1 and O2 runs on the lensing event rates.
For the currently ongoing LVC run with O3 sensitivity, and
for the future LIGO designed sensitivity15, we obtain the
detectability for the different SGWB signal corresponding
to different merger rates. We plot the SNR as a function of
the observation time in Fig. 14 for three different merger
rates, (i) the highest merger rate (case-I: Ar = 2400 Gpc
−3
yr−1, th = 1.5 Gyr), (ii) merger rate following the previ-
ous analysis (Broadhurst et al. 2018, 2019, 2020) (case-II:
Ar = 1200 Gpc
−3 yr−1, th = 1.5 Gyr), and the fiducial case
currently agrees with O1 and O2 gravitational wave data
(Abbott et al. 2019a) (case-III: constant with Ar = 100
Gpc−3 yr−1) The region shaded in dark grey indicates the
SNR possible with O3 HLO-LLO, and the region shaded
in light grey indicates the SNR possible from the designed
sensitivity of HLO-LLO. This plot indicates that cases with
high merger rates case-I and case-II can be detectable with
the currently ongoing O3 detector sensitivity, as a result,
measurement of such a signal can place a direct probe to
the expected lensed event rate as shown in Fig. 3 at the
≈ 8σ and ≈ 4σ respectively. In other words, non-detection
14 The overlap reduction is given in the following link
P1000128/026
15 The noise curves can be downloaded from the following link
https://dcc-lho.ligo.org/LIGO-T2000012/public
of the SGWB signal from the O3 runs will be able to con-
strain these models (case-I and case-II). For case-III, a one
sigma bound is possible with the design sensitivity, which
makes it possible to bound the high redshift merger rates of
gravitational wave sources.
For the fiducial model of the merger rate (case-III) (Ab-
bott et al. 2019a), we obtain the bounds on the merger rate
for the LIGO O3 and LIGO design sensitivity in Fig. 15 and
Fig. 16 respectively. In both these figures, we plot the ex-
pected 1−σ, 2−σ, and 3−σ upper bound on the lensed event
rates in different shades of grey colour. These plots indicate
that with the combination of the SGWB data, we will be
able to significantly constrain the highly magnified lensed
events, even in the absence of a detection of the SGWB
signal. Detection of SGWB will be a direct probe to the
merger rate, and hence limits on the lensed event rates can
be inferred. In the absence of any detection of the SGWB
signal from LIGO O3, the bound on strongly lensed event
rate for µ > 200 is about 0.1 per year. This can be im-
proved to ∼ 0.05 per year with the LIGO design sensitiv-
ity. In this analysis we have not considered SGWB signal
arising from the cosmological sources such as from inflation
(Starobinsky 1979; Turner 1997; Martin et al. 2014), cosmic
strings (Kibble 1976; Damour & Vilenkin 2005; Ringeval
& Suyama 2017), phase transitions (Kosowsky et al. 1992;
Kamionkowski et al. 1994), standard model (Watanabe &
Komatsu 2006), etc. However, these signals are expected to
be weaker than the SGWB signal from the astrophysical
background for the standard scenarios. So, we do not con-
sider the contributions from the cosmological SGWB signal.
6 CONCLUSIONS
The predicted level of strong lensing of gravitational wave
sources depends on several uncertain factors, including the
level of magnification, the source redshift distribution and
most importantly the astrophysical merger rate over cosmic
history. As the lensing optical depth is small for high mag-
nification factors, a large event rate is required in the high
redshift to produce a few lensed events every year, as we
have shown in Fig. 3 and Fig. 4 for LIGO O3 sensitivity and
LIGO design sensitivity respectively.
We have developed a new avenue to limit the uncertain
event rate in the high redshift using the SGWB signal. We
have found that if a significant number of lensed events is
currently present among the current LVC detections then
this must lead to a relatively high level of the SGWB back-
ground from the integrated universal population of binary
mergers. We predict a tight correlation between the num-
ber of strongly lensed events and the expected level of the
SGWB from the common astrophysical origins of both these
classes of GW signals, where only a small fraction of the
SGWB is from currently detectable individually loud lensed
sources. Existence of a strong correlation between both these
signals, (as shown in Fig. 8 and Fig. 9) can lead to inferring
the expected signal of one from the other. However, we can
expect variation around the strong correlation due to partial
overlap of the SGWB window function with the strong lens-
ing optical depth and detector response function (defined in
Sec. 2). The partial degeneracy happens mainly for lower
redshift mergers, resulting in a higher relative uncertainty
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Figure 15. Possible 1−σ (dark grey) to 3−σ (light grey) bounds on the rate of strongly lensed events as a function of the magnification
factor µ are shown for LIGO O3 design sensitivity. The yellow line denotes the lensing event rate for the case of constant rate Ar = 102
Gpc−3 yr−1 which is also shown in Fig. 3 and Fig. 4.
Figure 16. Bounds on the lensed event rates (similar to Fig. 15) for the LIGO design sensitivity are shown as a function of the
magnification factor µ. The yellow line denotes the lensing event rate for the case of constant rate Ar = 102 Gpc−3 yr−1 which is also
shown in Fig. 3 and Fig. 4.
in the allowed numbers of strong lensing events of relatively
low magnification. The highly magnified events arising from
high redshift have maximal overlap with the SGWB window
function.
With the currently ongoing LIGO O3 detector sensitiv-
ity, and for the future LIGO design sensitivity, we provide
the expected bounds on the lensed event rates for the case
of constant binary merger rate consistent with the LVC ob-
servations (Abbott et al. 2019a). Even in the absence of de-
tection of the SGWB signal, we can obtain an upper bound
on the number of lensed events as shown in Fig. 15 and Fig.
16. In the vents of an actual detection of the SGWB back-
MNRAS 000, 1–17 (2020)
Inferring the lensing rates using SGWB 17
ground level then we have shown that we can infer a rate
for lensed events due to the strong correlation between both
signals. We can also say that for the relatively high merger
rate required to explain most of the LVC binary detections
as lensed events (Broadhurst et al. 2018, 2019, 2020) that
there is the prospect soon of detection of the SGWB from the
currently ongoing O3 observations, at a level of > 3σ from
the ongoing LIGO O3 sensitivity. In any case, the stricter
upper limit now feasible for the SGWB have the prospect of
placing usefully interesting limits on the nature of cosmolog-
ical gravitational wave sources at substantial redshifts, that
will limit the maximum allowable strong lensing event rate,
independent of the currently ambiguous inferable rates that
sensitively depend on the nature of the binary source pop-
ulation, in particular the unknown form of the high mass
distribution of GW events.
This new approach proposed in this work should be
useful for understanding the lensed event rates both for the
current generation of gravitational wave detectors, and also
for the next generation of gravitational wave detectors such
as LISA (Amaro-Seoane et al. 2017), Cosmic Explorer (Re-
itze et al. 2019), and the Einstein Telescope (Punturo et al.
2010) that will explore a much wider range of GW frequen-
cies. By combining the measurements of the SGWB signal,
a better understanding of the expected number of strongly
lensed event rate will be possible.
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